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ABSTRACT 
Suppose A is a hermitian matrix of order n. Let A i > A, > ... > A,, and 
a,,, . , an” denote the eigenvalues and diagonal elements of A. If k < n with 
C:= 1 hi = Cf= 1 aii, what structure is imposed on the hermitian matrix? We prove 
that it must be block-diagonal. 
First, we introduce some terminology, following the notation 
[l]. We let S; denote the set of all k termed sequences v of 
which 1 Q u1 < *** < Us < n. The only member of Sa is 
sequence. Let x and y be real vectors with n components. We 
vector y is majorized by x if 
and Cy= r yi = Cr= 1 xi. This is equivalent to 
where P is a doubly stochastic matrix [2]. 
of A. Horn 
integers for 
the empty 
say that the 
k = 1,2,...,n - 1 
the condition that y = Px, 
The following result of I. Schur [3; see also 21 is fundamental to our work. 
THEOREM 1. lf y is the vector of diagonal entries of a Hermitian matrix 
with eigenvalues x1, . . . , x,,, then y is majotized by x. 
From Theorem 1 and the property of majorization we know that we 
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always have 
i=l i=l 
Thus without loss of generality we assume a,, > uz2 > *** > an”. 
LEMMA 2. Zf y = Px, P is a doubly stochastic matrix, x1 > *** > 
x Yl a ... > yn, and 
wZ have k, < k < k, 
C:_, yi = C:= 1 xi for som k < n, assume 
such that zK~,_~ > xk, = *** = xk = *‘* = xk, > 
x~,+~. Then pij = 0 for 1 < i < k, j > k, andfor i > k, 1 <j < k,; i.e., 
where PI1 is a k X (k, - 1) matrix, i12 is a k, X (k, - k, + 1) matrix, Fz2 
is an (n - k) x (k, - k, + 1) matrix, and P,, is an (n - k) X (n - k,) 
matrix, and F,, and ?,, may be void if, respectively, k, = 1 or k, = n. 
Proof. We know y is majorized by x, so Cf;= 1 yi < C:= 1 xi, and 
i=l i=l i=l i=l j=l 
k n k 
= c xi - c c PijXj 
i=l j=l i=l 
k n k 
= c xi - c c Pj,Xi 
i=l i=lj=l I 
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Equality holds only when Xi= I l$ = 0 for i > k, and c,?=k+ 1 pii = 0 for 
i <ki. W 
THEOREM 3. lf A is a hermitian matrix with eigenvalues h 1 z ... > h n 
and there exists m < n such that CT= 1 aii = CL 1 hi, then 
A= 
where A,, is an m X m matrix. 
Proof. Since there exist k,, k, such that Ak,_l > hk, = *** = 
A, = . . . = hk, > A~,+,, from Lemma 2 we know the unitary matrix U for 
which A = ULU* holds with L = diag(Aj) has the form 
where U,, is a k x (k, - 1) matrix, U,, is a k X (k, - k, + 1) matrix U,, 
is an (n - k) x (k, - k, + 1) matrix, and U2, is an (n - k) X (n - k,) 
matrix. Thus, 
A= 
U,,A,U: + &A,% U,,A,U,*, = 
%!,,A 2G! &,A,% + %,A dJ2*3 
Here U* denotes the conjugate transpose of U. 
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Because U is unitary, and A, = diag( A,, . . . , A k >, we have U,, A, U,*, = 0 
and U,, A ,U$ = 0. Hence 
The authors 
this problem to 
presentation. 
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